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Catalogue of regions in the Breit frame

• Factorization: a power 
(m/Q) expansion. 

• Different factorization 
theorems apply to 
different regions of 
x,z,Q,PT

M. Boglione et al, JHEP 10 (2019) 122 



Current fragmentation factorization
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• Transverse Momentum Dependent (TMD) Factorization at 
small transverse momentum

• Collinear factorization at large transverse momentum
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and there is at least one particle kf That hadronizes. The kX momentum labels the total momentum of all other
unobserved partons. We are interested in the kinematics of the ki + q ! kf + kX subprocess and how it matches the
overall P + q ! PB+X subprocess under very general assumptions. Specific realizations of the subprocess are shown
in Fig. 4. As far as the partonic subprocess is concerned, it is only the relative transverse momentum of ki and kf

that matters. So, without loss of generality, we may analyze the subprocess in the Breit frame of the target parton ki

and write

k
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The b superscript indicates the partonic Breit frame. We will write the transverse momentum as

kf,b,T = �ẑNqT + �kT . (68)

In the hadron frame, Eq. (31) gives

kf,H,T = �kT + Power Suppressed , (69)

so �kT is good for characterizing an intrinsic relative transverse momentum; in Eq. (67) intrinsic transverse momentum
is �kT when qT = 0. When �kT = 0, the partons are, up to power suppressed corrections, exactly aligned with the
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g(x1) = f(x1) = f1 , g(x0) = f(x0) = f0 g(x2) = 0 (618)
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x1 � x0

f1 � f0
f1 (619)
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= (P + q � PK)

2
(621)

xN/xBj zN/z (622)

R1 ⌘ PB · kf
PB · ki

m
2
/Q

2!0

= e��y
(623)

z = .25, ⇣,= .3, ⇠ = .2, m = m⇡ (624)

qT = 0.3 GeV qT = 2.0 GeV (625)

k = kf � q (626)
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The 2 ! 1 partonic kinematics only apply if k
2
/Q

2 ⇡ 0, so define one more ratio

Transverse Hardness Ratio = R2 ⌘ |k2|
Q2

. (91)

R2 is small for 2 ! 1 partonic kinematics. From Eq. (78),

R2 =

�����(1 � ẑN) � ẑN

q
2

T

Q2
� (1 � ẑN)k2

f

Q2ẑN

� �k2

T

ẑNQ2
+

2qT · �kT

Q2

���� ⇡ (1 � ẑ) + ẑ
q
2

T

Q2
. (92)

Note that this suggests qT from Eq. (29) as the most useful transverse momentum for quantifying transverse momentum
hardness relative to Q; if q

2

T
/Q

2 ⇠ 1, then R2 ⇠ 1 for both large and small ẑ while if q
2

T
/Q

2 ⌧ 1 and ⇠ ⇠ zN (as in
the current fragmentation region with TMDs) then R2 ⌧ 1.

If the SIDIS region corresponds to 2 ! 2 hard partonic kinematics, then R2 must be large (⇠ 1). However, then the
ratio k

2

X
/Q

2 must be small since there is only one unobserved parton, and its invariant mass must be small relative
to hard scales to qualify as a single massless parton. So define one more ratio,

R3 ⌘ |k2

X
|

Q2
. (93)

Large R2, but small R3, corresponds to 2 ! 2 parton kinematics. Large R2 and large R3 corresponds to partonic
scattering with three or more final state partons, such as Fig. 4(c).

To see that the size of Eq. (92) reflects the importance of transverse momentum, note that Feynman graphs
corresponding to the inside of the box in Fig. 4 contain propagator denominators of the form:

1

k2 + O (m2)
,

1

k2 + O (Q2)
. (94)

where the denominators with O
�
Q

2
�

are corrections to the virtual photon vertex or propagators from the emission of
wide-angle kX partons. Note also that k ·q ⇠ q ·p = O

�
Q

2
�
. The approximations that can made on these denominators

are representative of the approximations needed in derivations of factorization. If |k2| ⇠ Q
2, the O

�
m

2
�

terms in
the denominators are negligible so that the region in the box can be calculated in perturbative QCD using both Q

2

and k
2 as equally good hard scales. In this case, Fig. 4(b) becomes the relevant picture. However, if |k2| ⌧ Q

2, the
O

�
m

2
�

terms in the first of the denominators in Eq. (94) must be kept. Then, a |k2|/Q
2 ⌧ 1 approximation in the

second denominator can be used, and it is this type of approximation that leads to TMD factorization. This is the
handbag topology in Fig. 4(a). Note that the k line has become the target parton. Using Eq. (78) and Eq. (83) for
k

2 immediately gives Eq. (92).
The lowest order (O (↵s)) contribution to large transverse momentum is the partonic process is 2 ! 2 process.

Again, all partons are massless and on-shell, and the picture is Fig. 4(b). Since there is only one unobserved massless
parton in this region, it correspond to k

2

X = 0. To see that it is the ratio in Eq. (93) that must be small in this region,
consider how the size of k

2

X a↵ects the denominators in Eq. (94) at fixed ẑ, x̂, large qT, and Q
2 by expressing |k2

/Q
2|

in terms of k
2

X instead of ẑ:
����
k

2

Q2

���� =
1

1 � x̂ + x̂q2

T
/Q2


q
2

T

Q2
+ x̂

k
2

X

Q2

✓
1 � q

2

T

Q2

◆�
(95)

To get a simple form, we have already assumed here that k
2

i
and k

2

f
are negligible. In propagators, therefore, the size

of k
2 is independent of k

2

X at large k
2

T
if k

2

X/Q
2 ⌧ 1 and x̂ is not too close to 1. Otherwise, if Eq. (93) becomes large,

the 2 ! 3 or greater cases are likely the more applicable partonic subprocesses. In pQCD this means that O
�
↵

2

s

�
or

higher calculations are needed.
Di↵erent combinations of sizes for the above ratios correspond to other regions. For example, the target fragmen-

tation region corresponds to small R0, small R2, but large R1.
All of the above approximations are intertwined in potentially complicated ways, especially when Q is not especially

large and mass e↵ects may be non-negligible. This can make even crude, order-of-magnitude estimates of their e↵ects
nontrivial, although the influence of model assumptions should diminish rapidly at large Q.

A choice concerning the acceptable ranges of R0, R1, R2, and R3 translates into a choice about the range of possible
reasonable values for all the components of ki and kf . In practice, this might be more conveniently stated in reverse.
That is, one starts with general expectations regarding the sizes of the partonic components of ki and kf based on
models and/or theoretical considerations. The question then becomes whether the resulting R0, R1, R2, and R3 are
consistent with a particular region of partonic kinematics (hard, current region, large transverse momentum, etc).
Our aim is not to address any particular theoretical framework for estimating intrinsic properties of partons, or to
estimate exactly acceptable ranges for the above ratios, but only to demonstrate how, once these choices are made,
they fix the relationship between external kinematics and the region of partonic kinematics.
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Semi-Inclusive DIS

Ph
<latexit sha1_base64="0ywFHngEHprA043ZSQQxT5FRP04=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0Z/1C9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QMjao2z</latexit>

kf · Ph

ki · Ph
⌧ 1

<latexit sha1_base64="GlnvJKwQLDBcVQfnYV61KPG9RDs=">AAACFXicbVDLSsNAFJ34rPEVdelmsAgupCRV0GXRjcsK9gFNCJPppB06mQkzE6GE/oQbf8WNC0XcCu78GydtFrX1wMC559zLnXuilFGlXffHWlldW9/YrGzZ2zu7e/vOwWFbiUxi0sKCCdmNkCKMctLSVDPSTSVBScRIJxrdFn7nkUhFBX/Q45QECRpwGlOMtJFC59yPJcL5KIyhj/tCw2Y4nJiSzpXQZwx60LZDp+rW3CngMvFKUgUlmqHz7fcFzhLCNWZIqZ7npjrIkdQUMzKx/UyRFOERGpCeoRwlRAX59KoJPDVKH8ZCmsc1nKrzEzlKlBonkelMkB6qRa8Q//N6mY6vg5zyNNOE49miOGNQC1hEBPtUEqzZ2BCEJTV/hXiITEzaBFmE4C2evEza9Zp3UavfX1YbN2UcFXAMTsAZ8MAVaIA70AQtgMETeAFv4N16tl6tD+tz1rpilTNH4A+sr1/Ojp1F</latexit>



Leading Regions
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d2kT e�ikT ·bT K(kT ;µ)

@

@ ln
p
⇣F

Ff/P1
(x1,kT ;µ, ⇣F ) =

Z
d2qT K(qT ;µ)Ff/P1

(x1,kT � qT ;µ, ⇣F )

d

d lnµ
K(kT ;µ) = ��K(g(µ)) �(kT )

d

d lnµ
Ff/P1

(x1,kT ;µ, ⇣F ) = �F (g(µ); ⇣F /µ
2)Ff/P1

(x1,kT ;µ, ⇣F )

k⇤(kT ) ⌘ k̂T

q
k2min + k2T

µ⇤(kT ) ⌘ C1k⇤

↵s(µ⇤(kT ))
kT!0
= ↵s(C1kmin)

b⇤(bT) ⌘
bTp

1 + b2T /b
2
max

µ⇤(bT ) = C1/b⇤

↵s(µ⇤(bT ))
bT!1
= ↵s(C1/bmax)

d�

dqT · · ·

P1 P2

k1 ⌘ k k2 ⌘ q � k

q + k (34)

4

k̂ =
�
⇠P+, 0,0t

�
(52)

F2(x,Q
2) =

X

j

e2jxfj(x) 2xF1(x,Q
2) = F2(x,Q

2) (53)

d� =
X

i

Z
d�̂(⇠)i,DIS ⌦ fi/p(⇠) (54)

d� =
X

i

Z
H(⇠1, ⇠2)i,DY ⌦ fi/p(⇠1)⌦ fī/p̄(⇠2) (55)
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• Also, soft factors

• Wilson lines 

• TMD evolution

D(z, zPhT ) =

1

4
Tr

X

X

1

z

Z
dw�d2wT

(2⇡)3
eik

+w��ikT ·wT h0|�+ (w/2)|Ph, XihPh, X| (�w/2)|0i
<latexit sha1_base64="RjIpkU73obWxNyMmpmTW4VItT3s="></latexit>
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What is the relevant description?

From M. Boglione et al, 2201.12197 (2022)
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Figure 3. Distribution of bins corresponding to the TMD (blue), collinear (green), central (yellow), and

target (red) regions as a function of qT /Q and rapidity yh. To make the points distinguishable in regions

of overlap, we scale qT /Q in the TMD region by a factor 8, in the collinear region by 4, and in the central

region by 2.

4 Applications

In this section we demonstrate the practical utility of the region indicators introduced above

by applying our operative definition of a�nity to data from existing experiments, as well

as to expected data from future facilities. In Figure 2 we illustrate the kinematic reach in

xBj and Q2 of the experiments considered in this paper, namely, Je↵erson Lab, HERMES,

COMPASS, and the future EIC, with measurements to be performed at points with bin

centers in xBj and Q2 indicated. We will study the kinematic reach of the experiments in

terms of the produced hadron rapidity, defined by

yh ⌘
1

2
ln

����
P+
h

P�
h

���� .

While rapidity is an observable, it can be challenging to measure, particularly at large

values, where particle trajectories are close to the beam pipe and neither their energies

nor their total momenta can be precisely determined. In practice, pseudorapidity is often

used instead, which is a function of the polar angle between the particle trajectory and the

beam axis, and thus ideal for discussions of acceptance coverage of collider detectors and

the placement of their various components. For highly relativistic particles, rapidity and

pseudorapidity are almost identical and both can be used for physics discussions.

For typical kinematics expected at the future EIC, with variable center of mass energy

from
p

s = 20 GeV to 140 GeV, we simulated semi-inclusive deep-inelastic ⇡+ production

for 7400 bins in xBj, zh, Q2, and PhT , as in the EIC Yellow Report EIC [42]. Figure 3

shows the kinematics of the EIC projected data, categorized according to a�nity values

exceeding the threshold of 5% for various fragmentation regions. The initial proton is

always in the positive rapidity range, while the produced hadron has either positive or
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Figure 4. Phase space in rapidity yh of produced hadrons at EIC, COMPASS, HERMES, and Je↵erson

Lab kinematics, with for TMD (blue), collinear (green), central (yellow) and target (red) regions indicated.

The legends show the percentage of all bins with corresponding a�nity above 5%.

negative rapidity. As discussed above, hadrons produced at negative rapidity are likely

to be in the current fragmentation region. Hadrons with higher values of qT migrate into

the central and positive rapidities and may originate from hard gluon scattering; therefore,

they will be described by collinear QCD. The central region, where low energy partons

hadronize, is likely to be in the intermediate region of rapidity. Finally, the target region

is typically associated with hadrons with positive rapidities.

As Figure 3 demonstrates, the region of central rapidities yh ⇠ 0 corresponds to an

admixture of almost all regions. Although the ratio qT /Q appears to be a good indicator for

separating the TMD and collinear regions, a residual overlapping among central, collinear

and TMD regions can only be resolved by accounting also for the value of the hadron

rapidity. We note that there are two solutions for yh [see Eq. (20) of Ref. [20]], which are

on opposite sides of the proton rapidity, and the solution that corresponds to the target

fragmentation region is severely constrained by kinematics. The final state hadron has a

mass smaller than that of the proton, and if PhT is small enough, then zh will be small.

One can see from Figure 3 that target region bins are located in the positive range of

rapidity, and qT /Q is small. We will see below that values of zh are also small for the

target fragmentation region.

– 12 –
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Target fragmentation

3

Wµ⌫
DY =

X

f

|Hf (Q;µ/Q)|µ⌫

⇥
Z

d2k1T d2k2T Ff/P1
(x1,k1T ;µ; ⇣1) Ff/P2

(x2,k2T ;µ; ⇣2) �
(2)(k1T + k2T � qT )

+ Y (qT , Q)

+O
✓✓

⇤

Q

◆a◆

F̃f/P1
(x1,bT ;µ, ⇣1) =

Z
d2kT e�ikT ·bT Ff/P1

(x1,kT ;µ, ⇣F )

K̃(bT ;µ) =

Z
d2kT e�ikT ·bT K(kT ;µ)

@

@ ln
p
⇣F

Ff/P1
(x1,kT ;µ, ⇣F ) =

Z
d2qT K(qT ;µ)Ff/P1

(x1,kT � qT ;µ, ⇣F )

d

d lnµ
K(kT ;µ) = ��K(g(µ)) �(kT )

d

d lnµ
Ff/P1

(x1,kT ;µ, ⇣F ) = �F (g(µ); ⇣F /µ
2)Ff/P1

(x1,kT ;µ, ⇣F )

k⇤(kT ) ⌘ k̂T

q
k2min + k2T

µ⇤(kT ) ⌘ C1k⇤

↵s(µ⇤(kT ))
kT!0
= ↵s(C1kmin)

b⇤(bT) ⌘
bTp

1 + b2T /b
2
max

µ⇤(bT ) = C1/b⇤

↵s(µ⇤(bT ))
bT!1
= ↵s(C1/bmax)

d�

dqT · · ·

P1 P2

k1 ⌘ k k2 ⌘ q � k

q + k (34)

2

p
s = 1.8 TeV / 1.97 TeV (13)

�D
e↵ = 11mb (14)

p
s = 7 TeV (15)

Z
d2b�2n(s, b; p

c
t) = �inc

2n (s, p
c
t) (16)

�D
e↵ (17)

⇡ 34 mb (18)

pct = 3.5 GeV (19)

�1 di↵(s, b; pct) = �diff (s, b; pct)� �diff (s, b; pct)
1X

n=1

(�1)n�1�2n(s, b; p
c
t) (20)

�1 di↵(s, b; pct) = �diff (s, b; pct) exp {��2(s, b; p
c
t)} (21)

�1 di↵(s, b; pct) = �diff (s, b; pct) exp {��2(s, b; p
c
t)} (22)

�n di↵(s, b; pct) =
1

n!
�diff (s, b; pct)

n exp {��2(s, b; p
c
t)} (23)

�diff (s, b; pct) =
�
1� exp

�
��diff (s, b; pct)

 �
exp {��2(s, b; p

c
t)} (24)

�(s, b) = 1� exp [��h(s, b; p
c
t)� �s(s, b; p

c
t) + · · · ] (25)

�h(s, b; p
c
t) (26)

d�

dq2T
(27)

qT (28)

q2 ⇠ Q2 � ⇤2
QCD (29)

qT ⇠ ⇤QCD (30)

⇤QCD ⌧ k1T ⌧ Q (31)

qT ⌧ Q (32)

P (33)
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F0,j/p(⇠,kt) =

Z
dw�d2wt

(2⇡)3
e�i⇠P+w�+ikt·wt hP |  ̄0,j(0, w

�,wt)
�+

2
 0,j(0, 0,0t) |P i (132)

F0,j/p(⇠,kt) =

Z
dw�d2wt

(2⇡)3
e�i⇠P+w�+ikt·wt hP |  ̄0,j(0, w

�,wt)
�+

2
 0,j(0, 0,0t) |P i (133)

Jµ
gµ⌫

l2 + i0
L⌫ ⇡ J+ g�+

l2 + i0
L� =

J+l�

l�
nµn̄⌫gµ⌫

l2 + i0

L�l+

l+
⇡ J⇢l⇢

l� + i0

nµn̄⌫gµ⌫

l2 + i0

L�l�
l+ + i0

(134)

k + q � l (135)

n̄ = (1, 0,0t) (136)

Ph (137)
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• Collinear pdf

• (Extended) fracture 
function

Final state hadron

M(x, xh,PhT ) =
1

2

X

X

Z
dw�

2⇡
e�ixP+w�

hP | (0, w�,0)�+|X,PhihX,Ph| (0)|P i
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Target fragmentation factorization and applications

• “Fracture functions” integrated 
over transverse momentum 

• “Extended” fracture functions

• “TMD fracture functions”
– Polarization dependent

• Same evolution, same hard factors 
as ordinary collinear factorization

• SIDIS structure functions

• Universality:

dF1(x,Q2, xh,PT )

dxh d2PT
=

X

j

Z 1

x

d⇠

⇠
F̂1(Q/µ, x/⇠)

M(x, xh,PT )

xh
<latexit sha1_base64="SXYki/bUfogxuKIai+RJ9JlQUaU="></latexit>

dF1(x,Q2, xh,PT )

dxh d2PT
=

X

j

Z 1

x

d⇠

⇠
F̂1(Q/µ, x/⇠)dijets

M(x, xh,PT )

xh
<latexit sha1_base64="SaFkGoTIudgRWU6S5sVUE8d+obQ="></latexit>

Same fracture function
Grazzini, Trentadue, Veneziano, 
Nucl. Phys. B519 (1998) 394

Collins, Phys. Rev. D57 (1998) 3051 



Relating fracture functions to PDFs

• Integral relations:

– Differential expression

– Integral/sum over PhT:

• Large transverse momentum:

– “refactorization”   

⇤QCD ⌧ PhT ⌧ Q
<latexit sha1_base64="jD1XY7D2hEoEhgNEcDbRLh5K5W8=">AAACEXicbVC7TsMwFHV4lvIKMLJYVEidqqQgwVhRBgaGVupLaqLIcZzWquNEtoNURfkFFn6FhQGEWNnY+BvcNgO0HMnS0Tnn6voeP2FUKsv6NtbWNza3tks75d29/YND8+i4J+NUYNLFMYvFwEeSMMpJV1HFyCARBEU+I31/0pz5/QciJI15R00T4kZoxGlIMVJa8syqc6/DAfIyR0Sw3bzNocMYzBw/hK3cy8adhdD2zIpVs+aAq8QuSAUUaHnmlxPEOI0IV5ghKYe2lSg3Q0JRzEhedlJJEoQnaESGmnIUEelm84tyeK6VAIax0I8rOFd/T2QoknIa+ToZITWWy95M/M8bpiq8djPKk1QRjheLwpRBFcNZPTCggmDFppogLKj+K8RjJBBWusSyLsFePnmV9Oo1+6JWb19WGjdFHSVwCs5AFdjgCjTAHWiBLsDgETyDV/BmPBkvxrvxsYiuGcXMCfgD4/MHnsucPg==</latexit>

M(x, xh,PhT ) =

Z
CF ⌦ f(x) +O

✓
⇤QCD

PhT

◆
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X

h

Z
d3Ph

(2⇡)32Eh
M(x, xh,PhT ) / f(x)
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Chen, Ma, Tong, JHEP 11 (2021) 038

M(x, xh,PhT ) =
1

2

X

X

Z
dw�

2⇡
e�ixP+w�

hP | (0, w�,0)�+|X,PhihX,Ph| (0)|P i
<latexit sha1_base64="jTWkB6RgWHGc5GCdeKRfHC6mjwA="></latexit>

M(x, xh,PhT ) = (2⇡)32EPh
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Spin dependent and TMD fracture functions

• TMD fracture function 

• 16 fracture functions
at leading power

3 Leading-twist polarized and transverse-momentum depen-

dent fracture functions

The polarized and transverse-momentum dependent fracture functions appear in the expansion of
the leading twist projections (Γ = γ−, γ−γ5, iσi−γ5)

M[Γ](xB,k⊥, ζ ,P h⊥)

≡
1

4ζ

∫ dk+ dk−

(2π)3
δ(k− − xBP

−) Tr (MΓ)

=
1

4ζ

∫ dξ+ d2ξ⊥

(2π)6
ei(xBP−ξ+−k⊥·ξ⊥)

∑

X

∫ d3PX

(2π)3 2EX

×

〈P, S|ψ(0)Γ|Ph, Sh;X〉〈Ph, Sh;X|ψ(ξ+, 0, ξ⊥)|P, S〉 . (25)

These represent the conditional probabilities to find an unpolarized (Γ = γ−), a longitudinally
polarized (Γ = γ−γ5) or a transversely polarized (Γ = iσi−γ5) quark with longitudinal momentum
fraction xB and transverse momentum k⊥ inside a nucleon fragmenting into a hadron carrying a
fraction ζ of the nucleon longitudinal momentum and a transverse momentum P h⊥. Again, in QCD
a Wilson line W must be inserted, which for k⊥-dependent distributions includes transverse links and
is generally rather complicated [9, 10]: its explicit structure, however, is irrelevant for our purposes.

The most general parameterization of the traced fracture matrix (25) can be written as:

M[γ−] = M̂ +
P h⊥ × S⊥

mh

M̂h
T +

k⊥ × S⊥

mN

M̂⊥
T +

S‖ (k⊥ × P h⊥)

mN mh

M̂⊥h
L (26)

M[γ−γ5] = S‖∆M̂L +
P h⊥ · S⊥

mh

∆M̂h
T +

k⊥ · S⊥

mN

∆M̂⊥
T +

k⊥ × P h⊥

mN mh

∆M̂⊥h (27)

M[iσi−γ5] = Si
⊥ ∆TM̂T +

S‖ P i
h⊥

mh

∆TM̂
h
L +

S‖ ki
⊥

mN

∆T M̂
⊥
L

+
(P h⊥ · S⊥)P i

h⊥

m2
h

∆T M̂
hh
T +

(k⊥ · S⊥) ki
⊥

m2
N

∆TM̂
⊥⊥
T

+
(k⊥ · S⊥)P i

h⊥ − (P h⊥ · S⊥) ki
⊥

mNmh

∆TM̂
⊥h
T

+
εij⊥Ph⊥j

mh

∆TM̂
h +

εij⊥k⊥j

mN

∆TM̂
⊥ , (28)

where by the vector product of the two-dimensional vectors we mean the pseudo-scalar quantity
a⊥ × b⊥ = ε⊥ij ai⊥b

j
⊥ = |a⊥||b⊥| sin(φb − φa). All fracture functions depend on the scalar variables

xB,k2
⊥, ζ ,P

2
h⊥,k⊥ · P h⊥. An important point to notice is that while parity invariance constrains

the structure of the fracture matrix, time reversal invariance does not, since M, similarly to the
fragmentation matrix, contains the out-states |Ph, Sh;X〉. In fact the fracture functions of Eqs. (26)–
(28) can be seen to reflect the independent combinations, with the appropriate parity properties, of
all vectors and pseudo-vectors at our disposal.

As most of the functions introduced above appear for the first time, a few words about them
and some explanation of the notations adopted can be useful. We denote by M̂ the unintegrated

7

∑

h

∫

dζ ζ
∫

d2P h⊥

{

∆TM̂
⊥ +

mN

mh

k⊥ · P h⊥

k2
⊥

∆T M̂
h

}

= −(1 − xB) h
⊥
1 (xB,k

2
⊥) (46)

∑

h

∫

dζ ζ
∫

d2P h⊥

{

∆TM̂
⊥⊥
T +

m2
N

m2
h

2(k⊥ · P h⊥)2 − k2
⊥P

2
h⊥

(k2
⊥)

2
∆TM̂

hh
T

}

(47)

= (1− xB) h
⊥
1T (xB,k

2
⊥)

∑

h

∫

dζ ζ
∫

d2P h⊥

{

∆TM̂T +
k2
⊥

2m2
N

∆T M̂
⊥⊥
T +

P 2
h⊥

2m2
h

∆TM̂
hh
T

}

= (1− xB) h1(xB,k
2
⊥) . (48)

These are the momentum sum rules satisfied by the unintegrated fracture functions. They might be
useful for constraining and guiding simple models of fracture functions.

5 Cross sections and angular distributions

Contracting the hadronic tensor, Eqs. (23, 24), with the symmetric and antisymmetric part of the
leptonic tensor, Eqs. (13, 14), and using Eq. (25), yields

Lµν
(s)W

(s)
µν =

8Q2

y2

(

1− y +
y2

2

)

ζ
∑

a

e2a

∫

d2k⊥ M[γ−] (49)

Lµν
(a)W

(a)
µν = λl

8Q2

y2
y
(

1−
y

2

)

ζ
∑

a

e2a

∫

d2k⊥M[γ−γ5] . (50)

We focus on three processes:

1. lepto-production of a spinless hadron, l +N → l′ + h+X ;

2. lepto-production of a spinless hadron plus a quark jet, l +N → l′ + h+ jet +X ;

3. lepto-production of a polarized hadron, l + N → l′ + h↑ + X (integrated over all transverse
momenta).

5.1 Lepto-production of a spinless hadron

Consider the lepto-production of an unpolarized or spinless hadron (for instance, pion lepto-production,
which is the most common process). Inserting Eqs. (30, 33) into Eqs. (49, 50), and using Eq. (10),
one finds that the cross section for this process is

dσTFR

dxB dy dζ d2P h⊥ dφS

=
2α2

em

Q2y

{(

1− y +
y2

2

)

×
∑

a

e2a

[

M(xB , ζ ,P
2
h⊥)− |S⊥|

|P h⊥|
mh

Mh
T (xB, ζ ,P

2
h⊥) sin(φh − φS)

]

+ λl y
(

1−
y

2

)

∑

a

e2a

[

S‖∆ML(xB, ζ ,P
2
h⊥)

+ |S⊥|
|P h⊥|
mh

∆Mh
T (xB, ζ ,P

2
h⊥) cos(φh − φS)

]}

. (51)
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Interpretations

• Fluctuations of the hadron 
wavefunction 

• How hard is PhT? Correlations between 
partons (analog of SRCs)?

• Is transverse momentum mainly 
“intrinsic” (e.g., Anselmino, Barone, 
Kotzinian) 

or radiative 

(e.g., Ceccopieri, Trentadue, Phys. Lett. 
B636 (2006) 310 & Phys. Lett. B660 
(2008) 43)



Limits of target region factorization

• Glauber gluons in hadron-hadron collisions:  
8

F0,j/p(⇠,kt) =

Z
dw�d2wt

(2⇡)3
e�i⇠P+w�+ikt·wt hP |  ̄0,j(0, w

�,wt)
�+

2
 0,j(0, 0,0t) |P i (132)

F0,j/p(⇠,kt) =

Z
dw�d2wt

(2⇡)3
e�i⇠P+w�+ikt·wt hP |  ̄0,j(0, w

�,wt)
�+

2
 0,j(0, 0,0t) |P i (133)

Jµ
gµ⌫

l2 + i0
L⌫ ⇡ J+ g�+

l2 + i0
L� =

J+l�

l�
nµn̄⌫gµ⌫

l2 + i0

L�l+

l+
⇡ J⇢l⇢

l� + i0

nµn̄⌫gµ⌫

l2 + i0

L�l�
l+ + i0

(134)

k + q � l (135)

n̄ = (1, 0,0t) (136)

Ph (137)
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Trapped with
l ⇠ (0, 0, lT )
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• Cancellation relies 
on inclusive sum 

• TMD-sensitive processes:

- Double inclusive processes

h2(P2)

γ∗(q)

l(", λ)

l("′)

N(P, S)

q(k′, s′)
q(k, s)

h1(P1)

X

Mh2

q,s/N,S

D

M

Figure 1: Lepto-production of two hadrons, one in the CFR and one in the TFR.

When a second hadron, h2, is produced, one needs a further variable related to P2. It is convenient
to use a light-cone parametrization of vectors. Given a generic vector Aµ = (A0, A1, A2, A2), their
light-cone components are defined as A± ≡ (A0 ± A3)/

√
2 and we write Aµ = [A+, A−,A⊥].

We now introduce two null vectors, nµ
+ = [1, 0, 0⊥] and nµ

− = [0, 1, 0⊥], with n+ · n− = 1, so that
a vector can be parametrized as Aµ = A+nµ

+ + A−nµ
− + Aµ

⊥. We work in a frame where the target
nucleon and the virtual photon are collinear (we call it a “γ∗N collinear frame”). The nucleon is
supposed to move along the −z direction.

The unit vector q̂ ≡ q/|q| identifies the positive z direction. In terms of the null vectors nµ
+ and

nµ
− the four-momenta at hand are (approximate equalities are valid up to terms proportional to some

mass or transverse momentum squared):

P µ = P−nµ
− +

m2
N

2P−
nµ
+ & P−nµ

− , (4)

qµ &
Q2

2xBP−
nµ
+ − xB P−nµ

− , (5)

P µ
1 &

z1Q2

2xBP−
nµ
+ +

(P 2
1⊥ +m2

1)xBP−

z1Q2
nµ
− + P µ

1⊥ &
z1Q2

2xBP−
nµ
+ + P µ

1⊥ , (6)

P µ
2 = ζ2 P

+nµ
+ +

P 2
2⊥ +m2

2

2ζP+
nµ
− + P µ

2⊥ & ζ2 P
+nµ

+ + P µ
2⊥ . (7)

Replacing P 1 and P 2 with the variables (z1,P 1⊥) and (ζ2,P 2⊥) respectively, the cross section
takes the form

dσ

dxB dy dz1 dζ2 d2P 1⊥ d2P 2⊥ dφS
=

α2
em

8 (2π)3Q4

y

z1 ζ2
LµνW

µν . (8)

Here φS is the azimuthal angle of the transverse component of Sµ, the nucleon spin vector, parametrized
as

Sµ = S‖
P−nµ

−

mN
− S‖

mN

2P−
nµ
+ + Sµ

⊥ & S‖
P−nµ

−

mN
+ Sµ

⊥ . (9)

The explicit expression of the symmetric part of the leptonic tensor in the γ∗N collinear frame

3

Anselmino, Barone, Kotzinian
Phys.Lett.B 699 (2011)

Do standard TMD factorization derivations
carry over to this situation?

Photon rather than hadron?

Chai, Chen, Ma, Tong, JHEP 10 (2019) 285



Phenomenological analysis of fracture functions

• Forward Λ production 

• Forward neutrons at HERA

Ceccopieri, Mancusi, Eur.Phys.J.C 73 (2013) 2435

Ceccopieri, Eur.Phys.J.C 74 (2014) 8, 3029
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FIG. 4: Singlet (left) and gluon (right) momentum distributions at the initial scale Q2
0 = 1 GeV2

in three representative bins of xL. The light red band is obtained with the ∆χ2 = 9 criterion, while

the grey one with additional Sk=35..38 parametrisation set added in quadrature.

so we focus on them in the following. The impact of the functional form used for the

xL-combination is estimated in 8.8 χ2 units, which corresponds to the combination penalty

term. The uncertainties associated to the functional forms choosen for the β dependence are

not so easily quantified. In the following we restrict ourserlves to study of the impact of the

main assumptions in the parametrisation of initial conditions at large-β. The parameters

controlling the large-β behaviour, being almost unconstrained by the data, were held fixed
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not so easily quantified. In the following we restrict ourserlves to study of the impact of the
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TMD Refactorization?

•
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⇤2
QCD ⌧ P · Ph ⌧ Q2 , P 2

hT ⌧ P · Ph
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M(x, xh,PhT ) = H(xh, x)D(z,k2T )f(x
0
,k1T )
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Conjecture:

X

h

Z
d3Ph

(2⇡)32Eh
M(x, xh,PhT ) / f(x)
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Z
d2kT f(x, kT ) ⇠ f(x)
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Conclusion

• Questions for target fragmentation and fracture functions

– Exact kinematical boundary between target and other regions? 

– Interpretation? (e.g., short range correlations)

– Check factorization with double hadron processes

– “Intrinsic” transverse momentum or radiation?

– Relationship to other functions?

• Integral relations
• collinear refactorization
• TMD refactorization


